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A homogenization procedure for ﬁnding the bending stiffness of a 2D regular lattice with random local
interactions is proposed. The kinematic and static methods are used to provide explicit upper and lower
bounds for the homogenized moduli. The proposed homogenization procedure is applied to a masonry
obtained by a random perturbation of the periodic running bond masonry [Cecchi, A., Sab, K., 2009. Dis-
crete and continuous models for in plane loaded random elastic brickwork. Eur. J. Mech. A 28, 610–625].
A numerical evaluation of the scatter between the discrete models and the 2D Love–Kirchhoff model is
performed on a test case, for various values of the random perturbation parameter and of the parameter
that characterizes the heterogeneity of the wall. As expected, when the number of heterogeneities in the
structure is large enough, the average response of the random discrete model converges to an asymptotic
response. It is shown that this asymptotic response is very close to that of the periodic discrete model
which is in turn very close to the response of the deterministic homogenized model. Similarly to the con-
clusion of Cecchi and Sab [Cecchi A., Sab K., 2009. Discrete and continuous models for in plane loaded
random elastic brickwork. Eur. J. Mech. A. 28, 610–625.] dedicated to in-plane loading, the present results
concerning out-of-plane loading show (both by means of a discrete model and a homogenized model)
that the running bond pattern may be used successfully to analyze historical masonries with blocks hav-
ing irregular widths in the horizontal direction.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Modelling composite materials like brickwork is a difﬁcult task.
If a composite brickwork-like material is modelled as a”molecular
skeleton”, then the number of degrees of freedom is ﬁnite. The
interactions between the molecules (rigid blocks) that, across
interfaces, mutually exchange forces and moments depend on
the geometric microstructure of the composite (Bazant et al.,
1990; Lofti and Benson Shing, 1994; Lourenço and Rots, 1993; Sch-
langen and Garbozci, 1996; Markov, 1999).
Most of existing discrete models for brickwork-like materials
concern periodic microstructures. Cluni and Gusella (2004) and
Falsone and Lombardo (2007) studied irregular masonry structures
using stochastic homogenization techniques for continuum media.
In a recent paper (Cecchi and Sab, 2009), the authors have evalu-
ated the effect of a random perturbation on the in-plane elastic re-
sponse of a periodic masonry wall. Starting from a periodic running
bond pattern consisting of rigid blocks with elastic interfaces, a
random perturbation on the horizontal positions of the verticalll rights reserved.
: +39 041 5223627.
ami.enpc.fr (K. Sab).interfaces between the blocks which form the masonry wall is
introduced. In this way, the height of the blocks is uniform, while
their width in the horizontal direction is random. The perturbation
is limited such as each block has still exactly 6 neighboring blocks.
Based on existing homogenization techniques for random lattices,
a homogenized model was proposed and validated by comparison
with the discrete model. It was found that the homogenized model
for the random perturbed microstructure is actually very close to
the homogenized model for the deterministic running bond
pattern.
The present study is concerned with ﬁnding estimations for the
homogenized bending stiffness of the random masonry introduced
by the authors in Cecchi and Sab (2009). It was shown by Caillerie
(1984) that an in-plane periodic 3D plate may be modelled as a
homogeneous Love–Kirchhoff plate if the typical size of the unit
cell that generates the plate is very small in comparison with the
typical in-plane size of the structure.2 Caillerie’s homogenization
method has been applied to periodic masonry by the authors (Cecchi
and Sab, 2002b, 2006, 2007). In Pradel et al. (2001), a method for the
homogenization of out-of-plane loaded periodic 2D lattice made of2 The thickness of the cell is assumed to be of the same order as the two in-plane
dimensions of the cell.
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posed. However, to the authors’ knowledge, there is no existing
homogenization procedure for plates with random microstructure
yet.
In this paper, a new homogenization procedure for ﬁnding the
bending stiffness of a 2D regular lattice with random local interac-
tions is proposed and applied to the considered random masonry.
Kinematic and static methods are used to provide explicit upper
and lower bounds for the homogenized moduli.
In Section 2, the 3D discrete random model is introduced. The
structural problem for general loadings is described and it will ap-
pear that in-plane and out-of-plane problems are uncoupled. The
new general homogenization procedure for out-of-plane loaded
random 2D lattices is described in Section 3: lower and upper
bounds for the homogenized plate stiffness are obtained in an ex-
plicit form. Section 4 is devoted to applications to the random ma-
sonry: bounds for the homogenized bending stiffness are
computed and compared with the homogenized bending stiffness
of the periodic masonry. Moreover, a comparison at the structural
level is conducted: a panel undergoing out of plane actions is
investigated; Monte Carlo simulations are used to compare the dis-
crete random 3D model to the previous discrete periodic 3D model
proposed by the authors (Cecchi and Sab, 2004, 2006) in order to
assess the effect of the random perturbation of the microstructure.
Another comparison is made with the homogenized plate model in
order to deﬁne the minimum size of the panel for the applicability
of the Love–Kirchhoff model to the 3D discrete system.2. The discrete model
Consider a standard running bond periodic masonry with block
dimensions a (height), b (width) and c (thickness in the out-of-
plane direction). Here, masonry is used to describe a composite
brickwork composed by rigid blocks connected by mortar linear
cohesive interfaces. The idea is to introduce a perturbation on
the y1 horizontal positions of the vertical interfaces by moving
them at random as described in Fig. 1. Hence, in the randommodel
proposed in this study, all blocks have the same height a and the
same thickness cwhile the width is random. In order to ensure that
each block has exactly 6 neighboring blocks, the amplitude of the
perturbation must be limited.
2.1. The geometry
The geometry of the initial running bond masonry is described
hereafter. The notations of Cecchi and Sab (2004) and Cecchi andFig. 1. (a) Running bond pattern and (b) perturbed running bond pattern.Sab (2009) are simpliﬁed. Let yi;j be the position of the centre of
the generic block Bi;j in the 3D Euclidean space:
yi;j ¼ i b
2
e1 þ jae2: ð1Þ
Here, ðe1; e2; e3Þ are the base vectors. As shown by Fig. 1, j can actu-
ally take arbitrary integer values while i is such as iþ j is even:
ði; jÞ 2 I with
I ¼ ðm;nÞ; n 2 Z; m ¼ nþ 2l with l 2 Zf g: ð2Þ
Let yi;jk1 ;k2 be the position of the centre of the vertical interface be-
tween Bi;j and Biþk1 ;jþk2 :
yi;jk1 ;k2 ¼ iþ
k1
2
 
b
2
e1 þ jþ k22
 
ae2
with
ðk1; k2Þ 2K
 ð2; 0Þ; ð2; 0Þ; ðþ1;þ1Þ; ðþ1;1Þ; ð1;þ1Þ; ð1;1Þf g:
ð3Þ
Obviously, we have
yi;jk1 ;k2 ¼ y
iþk1 ;jþk2
k1 ;k2 :
The randommodel is built by introducing a random perturbation on
the horizontal component of the vertical interface between
Bi;j and Bi2;j which is given by:
xi2;jþ2;0 ¼ xi;j2;0 ¼ i 1þ p
1
2
 Xi;j
  
b
2
Here, Xi;j is the realization of a uniform random variable on [0,1] and
0 6 p < 1 is the perturbation parameter. The new position of the
centre of the generic block Bi;jp is:
xi;j ¼ x
i;j
2;0 þ xi;jþ2;0
2
e1 þ jae2: ð4Þ
The six interfaces of block Bi;jp in the perturbed conﬁguration are
Si;jk1 ;k2 with S
i;j
k1 ;k2
¼ Siþk1 ;jþk2k1 ;k2 and
Si;j2;0¼
y1¼ xi;j2;0
j 12
 
a6 y26 jþ 12
 
a
 c26 y36 c2
0B@
1CA; Si;j1;1¼ x
i;j
2;06 y16 x
iþ1;j1
2;0
y2¼ j 12
 
a
 c26 y36 c2
0B@
1CA:
The corresponding normal vectors are:
ni;j1;þ1 ¼ þe2; ni;j1;1 ¼ e2; ni;j2;0 ¼ e1:
The position of the centre of interface Si;jk1 ;k2 is x
i;j
k1 ;k2
with
xi;j2;0 ¼ xi;j2;0e1 þ jae2
for the vertical interfaces ðk1 ¼ 2; k2 ¼ 0Þ, and
xi;jk1 ;k2 ¼
1
2
xiþ1;jþk22;0 þ xiþ1þk1 ;j2;0
 
e1 þ jþ k22
 
ae2
for the horizontal interfaces ðk1 ¼ 1; k2 ¼ 1Þ.
The height of Bi;jp is still a but its width b
i;j is random in the per-
turbed conﬁguration. It is:
b 1 p
2
 
6 bi;j ¼ xi;jþ2;0  xi;j2;0 6 b 1þ
p
2
 
:
The ensemble-average of bi;j is b and the ensemble-average of xi;j
(respectively xi;jk1 ;k2 ) is y
i;j (respectively yi;jk1 ;k2 ).
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The displacement of the block Bi;jp is a rigid body motion:
uðyÞ ¼ ui;j þ xi;j  ðy  yi;jÞ; 8y 2 Bi;jp ; ð5Þ
where u(y) is the displacement vector at point y of Bi;jp , u
i;j is the dis-
placement vector at yi;j, (1), the centre of the generic block Bi;j in the
non-perturbed conﬁguration, and xi;j is the rotation vector of Bi;jp .
Actually, the ðui;j;xi;jÞ degrees of freedom (d.o.f.) are more conve-
nient to use than the ðui;jp ;xi;jÞ d.o.f. adopted in Cecchi and Sab
(2009) where ui;jp is the displacement vector at the (random) centre
of Bi;jp ;x
i;j, (4). Indeed, using the ðui;j;xi;jÞ d.o.f. enable us considering
the random masonry as a regular hexagonal lattice with random lo-
cal interactions, making the homogenization procedure easier.
If the mortar joint is modelled as an elastic interface, then the
constitutive law is a linear relation between the tractions on the
block surfaces and the jump of the displacement ﬁeld:
t ¼ rn ¼ K  d on S
Here, r is the stress tensor, n is the normal to the interface S and d is
the displacement jump at S. For isotropic mortar, the elastic inter-
face stiffness tensor K is given by:
K ¼ 1
e
lMIþ ðkM þ lMÞðn nÞ ; ð6Þ
where kM and lM are the Lamé constants of the mortar
ðK 0 ¼ kM þ 2lM;K 00 ¼ lMÞ and e is the thickness of the real joint
(Klarbring, 1991; Avila-Pozos et al., 1999; Cecchi and Sab,
2002a,b). Note that K tensor has a diagonal form in this case.
The elastic strain and stress energy of the generic interface S are,
respectively,
w ¼ 1
2
Z
S
d  ðK  dÞdS and w ¼ 1
2
Z
S
t  ðK1  tÞdS:
From (5), the relative displacement between block Bi;jp and B
iþk1 ;jþk2
p
at y 2 Si;jk1 ;k2 is given by:
di;jk1 ;k2 ðyÞ¼uiþk1 ;jþk2 þxiþk1 ;jþk2  yyiþk1 ;jþk2
 þui;jxi;jðyyi;jÞ:
ð7Þ
The tractions at y 2 Si;jk1 ;k2 are given by the interface constitutive law:
ti;jk1 ;k2 ðyÞ ¼ K
i;j
k1 ;k2
 di;jk1 ;k2 ðyÞ; ð8Þ
where Ki;jk1 ;k2 is the elastic stiffness tensor of interface S
i;j
k1 ;k2
. The force
resultant of the tractions ti;jk1 ;k2 ; f
i;j
k1 ;k2
, and their couple resultant,
ci;jk1 ;k2 , at the centre x
i;j
k1 ;k2
of Si;jk1 ;k2 are given by:
f i;jk1 ;k2 ¼
Z
Si;j
k1 ;k2
ti;jk1 ;k2 dS; c
i;j
k1 ;k2
¼
Z
Si;j
k1 ;k2
y  xi;jk1 ;k2
 
 ti;jk1 ;k2 dS: ð9Þ
Using (7)–(9), f i;jk1 ;k2 and c
i;j
k1 ;k2
are expressed in terms of di;jk1 ;k2 , the rel-
ative displacement at xi;jk1 ;k2 ,
di;jk1 ;k2 ¼ d
i;j
k1 ;k2
xi;jk1 ;k2
 
; ð10Þ
with di;jk1 ;k2 given by (7), and d
i;j
k1 ;k2
, the relative rotation between the
blocks,
d
i;j
k1 ;k2
¼ xiþk1 ;jþk2  xi;j; ð11Þ
by the local constitutive law:
f i;jk1 ;k2 ¼ bKi;jk1 ;k2 :di;jk1 ;k2 ; ci;jk1 ;k2 ¼ Li;jk1 ;k2 :di;jk1 ;k2 : ð12Þ
Here,
K^ ¼ si;jk1 ;k2K
i;j
k1 ;k2
;where si;jk1 ;k2 is the area of the interface S
i;j
k1 ;k2
and Li;jk1 ;k2 is a diagonal
second order tensor whose components are given in Appendix A.
Noticing that the point xi;jk1 ;k2 is random, it is more convenient to
use bdi;jk1 ;k2 instead of di;jk1 ;k2 wherebdi;jk1 ;k2 ¼ di;jk1 ;k2 yi;jk1 ;k2 
is the relative displacement at yi;jk1 ;k2 , the (deterministic) ensemble-
average of xi;jk1 ;k2 :bdi;jk1 ;k2 ¼ uiþk1 ;jþk2  ui;j  xiþk1 ;jþk2 þ xi;j2  yk1 ;k2
¼ di;jk1 ;k2 þ d
i;j
k1 ;k2
 yi;jk1 ;k2  x
i;j
k1 ;k2
 
: ð13Þ
It should be noted that
yk1 ;k2 ¼ yiþk1 ;jþk2  yi;j
is the branch vector of the Si;jk1 ;k2 interface in the non-perturbed peri-
odic running bond microstructure. The elastic energy of interface
Si;jk1 ;k2 is:
1
2
f i;jk1 ;k2  d
i;j
k1 ;k2
þ ci;jk1 ;k2  d
i;j
k1 ;k2
 
¼ 1
2
f i;jk1 ;k2  bd i;jk1 ;k2 þ bci;jk1 ;k2  di;jk1 ;k2 ;
where the couple bci;jk1 ;k2 that the Biþk1 ;jþk2p block applies to the Bi;jp
block at point yi;jk1 ;k2 is given by:bci;jk1 ;k2 ¼ ci;jk1 ;k2 þ xi;jk1 ;k2  yi;jk1 ;k2  f i;jk1 ;k2 :
Using (12) and (13), the elastic energy can be expressed as a
quadratic form in the generalized strain bdi;jk1 ;k2 ; di;jk1 ;k2 :
wi;jk1 ;k2 ¼
1
2
bdi;jk1 ;k2
d
i;j
k1 ;k2
0@ 1A  bAi;jk1 ;k2  bdi;jk1 ;k2
d
i;j
k1 ;k2
0@ 1A; ð14Þ
where bAi;jk1 ;k2 is the generalized stiffness matrix given by:
bAi;jk1 ;k2 ¼ bKi;jk1 ;k2 cMi;jk1 ;k2tcMi;jk1 ;k2 bL i;jk1 ;k2
0@ 1A
with:bL i;jk1 ;k2 ¼ Li;jk1 ;k2 þ tTi;jk1 ;k2  bKi;jk1 ;k2  Ti;jk1 ;k2 ;cMi;jk1 ;k2 ¼ bKi;jk1 ;k2  Ti;jk1 ;k2 :
Here, ðtÞ is the transposition symbol and Ti;jk1 ;k2 is the unique skew-
symmetric second-order tensor such that:
Ti;jk1 ;k2  z ¼ z y
i;j
k1 ;k2
 xi;jk1 ;k2
 
8z 2 R3:
Moreover, the generalized stress f i;jk1 ;k2 ; bci;jk1 ;k2  is given by the con-
stitutive law:
f i;jk1 ;k2bci;jk1 ;k2
0@ 1A ¼ bAi;jk1 ;k2  bdi;jk1 ;k2
d
i;j
k1 ;k2
0@ 1A ð15Þ
Let bHi;jk1 ;k2 denote the generalized compliance matrix deﬁned by:bHi;jk1 ;k2 ¼ bAi;jk1 ;k2 1: ð16Þ
The elastic stress energy of interface Si;jk1 ;k2 may be expressed in
terms of the generalized stress f i;jk1 ;k2 ; bci;jk1 ;k2  as:
wi;jk1 ;k2 ¼
1
2
f i;jk1 ;k2bci;jk1 ;k2
0@ 1A  bHi;jk1 ;k2  f
i;j
k1 ;k2bci;jk1 ;k2
0@ 1A: ð17Þ
Fig. 2. Resultant forces and resultant couples at the horizontal perturbed interface.
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the Bi;jp block at its centre y
i;j in the non-perturbed conﬁguration are
f i;jk1 ;k2 and m
i;j
k1 ;k2
with
mi;jk1 ;k2 ¼
Z
Si;j
k1 ;k2
y  yi;j  ti;jk1 ;k2 dS ¼ bci;jk1 ;k2 þ 12 yk1 ;k2  f i;jk1 ;k2 :
They can be deduced from wi;jk1 ;k2 by derivation (see Fig. 2):
f i;jk1 ;k2 ¼ 
owi;jk1 ;k2
oui;j
; mi;jk1 ;k2 ¼ 
owi;jk1 ;k2
oxi;j
:
The balance equations of the Bi;jp block are:X
ðk1 ;k2Þ2K
f i;jk1 ;k2 ¼ f
i;j
ext;
X
ðk1 ;k2Þ2K
bck1 ;k2 þ 12 yk1 ;k2  fk1 ;k2 ¼mi;jext; ð18Þ
where f i;jext and m
i;j
ext are the external force and moment applied to
Bi;jp at point y
i;j.
LetUip ¼ ui;j1 ;ui;j2 ;xi;j3
 T
and Uop ¼ ui;j3 ;xi;j1 ;xi;j2
 T
denote, respe-
ctively, the vectors of all in-plane and all out-of-plane degrees of
freedomof the structure under consideration, andWTotal be the total
elastic strain energy. It is:
oWTotal
oUip
¼ KipUip
and
oWTotal
oUop
¼ KopUop;
where Kip and Kop are, respectively, the in-plane and out-of-plane
stiffness matrices. Hence, there is no coupling between in-plane
and out-of-plane degrees and freedom. Two independent problems
have to be solved:
KipUip ¼ Fipext ð19Þ
and
KopUop ¼ Fopext; ð20Þ
where Fipext and F
op
ext are respectively the vectors of the applied
in-plane and out-of-plane actions. Further details on the solution
of the above equations are reported in Cecchi and Sab (2004,
2009).2.3. The out-of-plane problem
In this paper, the out-of-plane behavior of the above described
random masonry is focused. We set:
ui;j ¼ ui;j3 e3; xi;j ¼ xi;j1 e1 þxi;j2 e2: ð21Þ
The generalized strain bdi;jk1 ;k2 ; di;jk1 ;k2  has only three components:bdi;jk1 ;k2 ¼ bdi;jk1 ;k2e3;
d
i;j
k1 ;k2
¼ di;jk1 ;k2ð1Þe1 þ d
i;j
k1 ;k2ð2Þe2;
with:
bdi;jk1 ;k2 ¼ uiþk1 ;jþk23  ui;j3  k2axiþk1 ;jþk21 þxi;j12 þ k1bxiþk1 ;jþk22 2  k1b
 x
iþk1 ;jþk2
2 xi;j2
4
and
di;jk1 ;k2ð1Þ ¼ x
iþk1 ;jþk2
1 xi;j1 ; di;jk1 ;k2ð2Þ ¼ x
iþk1 ;jþk2
2 xi;j2 :
The generalized stress f i;jk1 ;k2 ; bci;jk1 ;k2  has also three components:
f i;jk1 ;k2 ¼ f
i;j
k1 ;k2
e3;bci;jk1 ;k2 ¼ bci;jk1 ;k2ð1Þe1 þ bci;jk1 ;k2ð2Þe2:
The out-of-plane generalized constitutive law is:
f i;jk1 ;k2bci;jk1 ;k2ð1Þbci;jk1 ;k2ð2Þ
0BBB@
1CCCA ¼ bAðopÞi;jk1 ;k2 
bdi;jk1 ;k2
di;jk1 ;k2ð1Þ
di;jk1 ;k2ð2Þ
0BBB@
1CCCA; ð22Þ
where the out-of-plane generalized stiffness matrix is given by:
bAðopÞi;jk1 ;k2 ¼
bK i;jk1 ;k2ð3Þ 0 bMi;jk1 ;k2
0 bLi;jk1 ;k2ð1Þ 0bMi;jk1 ;k2 0 bLi;jk1 ;k2ð2Þ
0BBB@
1CCCA
with
bK i;jk1 ;k2ð3Þ ¼ si;jk1 ;k2Ki;jk1 ;k2ð3Þ;bLi;jk1 ;k2ð1Þ ¼ Li;jk1 ;k2ð1Þ;
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Explicit expressions for si;jk1 ;k2 ; T
i;j
k1 ;k2
and the components of Ki;jk1 ;k2 and
Li;jk1 ;k2 are given in Appendix A.
The elastic strain energywi;jk1 ;k2 is the following quadratic form in
the generalized strain components:
wi;jk1 ;k2 ¼
1
2
bLi;jk1 ;k2ð1Þ di;jk1 ;k2ð1Þ 2 þ 12 bK i;jk1 ;k2ð3Þ bdi;jk1 ;k2 2

þ2 bMi;jk1 ;k2 bdi;jk1 ;k2di;jk1 ;k2ð2Þ þ bLi;jk1 ;k2ð2Þ di;jk1 ;k2ð2Þ 2

:
The inverse of bAðopÞi;jk1 ;k2 is the out-of-plane generalized compliance
matrix:
bHðopÞi;jk1 ;k2 ¼
bLi;j
k1 ;k2 ð2ÞbK i;j
k1 ;k2 ð3Þ
Li;j
k1 ;k2 ð2Þ
0
Ti;j
k1 ;k2
Li;j
k1 ;k2 ð2Þ
0 1
Li;j
k1 ;k2 ð1Þ
0
Ti;j
k1 ;k2
Li;j
k1 ;k2 ð2Þ
0 1
Li;j
k1 ;k2 ð2Þ
0BBBBBBBB@
1CCCCCCCCA
:
Hence, the elastic stress energy wi;jk1 ;k2 is given by:
wi;jk1 ;k2 ¼
1
2
bLi;jk1 ;k2ð2Þ f i;jk1 ;k2 2bK i;jk1 ;k2ð3ÞLi;jk1 ;k2ð2Þ þ 2
Ti;jk1 ;k2
Li;jk1 ;k2ð2Þ
f i;jk1 ;k2bci;jk1 ;k2ð2Þ þ bc
i;j
k1 ;k2ð2Þ
 2
Li;jk1 ;k2ð2Þ
0B@
1CA
þ 1
2
bci;jk1 ;k2ð1Þ 2
Li;jk1 ;k2ð1Þ
:
Moreover, the relative displacement at the centre xi;jk1 ;k2of the inter-
face Si;jk1 ;k2 is
di;jk1 ;k2 ¼ bdi;jk1 ;k2  Ti;jk1 ;k2di;jk1 ;k2ð2Þe3
and the couples ci;jk1 ;k2 and m
i;j
k1 ;k2
are given by:
ci;jk1 ;k2 ¼ bci;jk1 ;k2 þ Ti;jk1 ;k2 f i;jk1 ;k2e2;
mi;jk1 ;k2 ¼ bci;jk1 ;k2 þ a2 k2f i;jk1 ;k2e1  b4 k1f i;jk1 ;k2e2:
3. Homogenization of out-of-plane loaded random hexagonal
lattices
The above described masonry can be seen as a regular hexago-
nal lattice with random local interactions. Indeed, the nodes of the
lattice are the deterministic points yi;j given by (1) with ði; jÞ in I
given by (2). Each node yi;j is endowed with a rigid body motion
ðui;j;xi;jÞ and it interacts with its six nearest neighboring nodes
yiþk1 ;jþk2 with ðk1; k2Þ in K given by (3). The generalized strains
are bdi;jk1 ;k2 ; di;jk1 ;k2 . They are obtained from ðui;j;xi;jÞ with the deter-
ministic compatibility conditions (13) and (11). The generalized
stresses are f i;jk1 ;k2 ; bci;jk1 ;k2 . They are obtained from bdi;jk1 ;k2 ; di;jk1 ;k2 
with the random generalized constitutive law (15) and they comply
to the deterministic balance equation (18). Moreover, the in-plane
strain and out-of-plane strain coupling components of bAi;jk1 ;k2 are
zero. Consequently, the in-plane and out-of-plane problems are
uncoupled.
In a recent paper by the authors dedicated to the in-plane prob-
lem (Cecchi and Sab, 2009), a probabilistic description of the
random perturbed masonry was proposed. It is based on the mea-sure preserving ﬂow concept that ensures statistical homogeneity
and ergodicity of the medium. See Papanicolaou and Varadhan
(1979), Kozlov (1980), Sab (1991, 1992, 1994) and Ostoja-Starzew-
ski (2006) among others. It has been shown in these works that the
overall elastic properties of a random continuum may be deter-
mined by solving an auxiliary problem on the inﬁnite medium.
Moreover, the homogenization methods for 2D and 3D periodic
discrete media developed by Sab and his co-workers – (Sab,
1996; Laalai and Sab, 1996; Pradel and Sab, 1998a,b; Florence
and Sab, 2005, 2006; Lachihab and Sab, 2005, 2008; Sab and Pradel,
2009) – was adapted and used in Cecchi and Sab (2009) to provide
explicit upper and lower bounds for the in-plane moduli of the ran-
dom masonry.
The present study is concerned with ﬁnding estimations for the
bending stiffness of the random masonry. A new homogenization
procedure for ﬁnding the bending stiffness of a 2D regular lattice
with random local interactions is proposed and applied to the con-
sidered random masonry. Kinematic and static methods are used
to provide explicit upper and lower bounds for the homogenized
moduli.
A regular hexagonal lattice with random local interactions as
described above is considered, (1)–(3), (13), (11), (15) and (18).
M ¼ ðMabÞ;a; b ¼ 1;2, is the macroscopic out-of-plane (ﬂexural)
stress ﬁeld for the homogenized lattice; v ¼ ðvabÞ;a; b ¼ 1;2, is
the corresponding out-of-plane curvature strain ﬁeld with
vab ¼ n;ab where n ¼ ne3 is the out-of-plane displacement ﬁeld.
The homogenization problem is to ﬁnd the bending elastic
fourth-order tensor, Dhom ¼ ðDabcdÞ, with:
M ¼ Dhom : v:
Here, (:) is double contraction.
3.1. The probabilistic framework
The probabilistic description of the random masonry by Cecchi
and Sab (2009) is recalled ﬁrst and then it is extended to a 2D reg-
ular lattice with random local interactions.
3.1.1. The random masonry
For given 0 6 p < 1, the random inﬁnite perturbed running
bond masonry described in the above section is completely charac-
terized by the probability space ðX;A;PÞ where:
	 X is the sample space of all possible realizations,
X ¼ Xm;n;Xm;n 2 ½0;1
; ðm;nÞ 2 I 	:
	 A is the product Lebesgue r-algebra on [0,1] and
	 P is the product Lebesgue measure on [0,1] which attributes to
each subset of A  X in A;A 2A, its probability 0 6 PðAÞ 6 1
with PðXÞ ¼ 1.
This random medium is statistically invariant in the following
sense: Consider a realization X 2 X of the random medium and
let sði;jÞX; ði; jÞ 2 I, denote the realization corresponding to the
translated medium by vector yi;j. It is:
sði;jÞX
 m;n ¼ Xmþi;nþj:
It is easy to see that si;j is one-one application from X into itself sat-
isfying the group property:
sð0;0Þ ¼ Identity; sði;jÞ  sðk;lÞ ¼ sðiþk;jþlÞ ð23Þ
and which preserves the probability measure: for all ði; jÞ 2 I,
8A 2A; PðAÞ ¼ Pðsði;jÞAÞ; sði;jÞA ¼ X; sði;jÞX 2 A
 	
: ð24Þ
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dom variable, X! RðXÞ, is a measurable map from X into R. The set
of real random variables LqðXÞ;1 6 q < þ1, is such that
EðjRjqÞ ¼
Z
X2X
jRðXÞjq dP < þ1;
where E is the ensemble-average operator.
Given the real random variable R, we introduce the correspond-
ing statistically homogeneous (s.h.) real random process as the set,
~R, of the random variables ~Ri;j deﬁned by:
~R ¼ ~Ri;j; i; jð Þ 2 I
n o
8X 2 X; ~Ri;jðXÞ ¼ Rðsði;jÞXÞ:
ð25Þ
According to the above deﬁnition, the random variable ~Ri;j is associ-
ated to block Bi;jp and it is equal to the random variable of block B
0;0
p
after a translation of the medium by vector yi;j. Thanks to this def-
inition and measure preserving property (24), the following invari-
ance property is present:
R 2 L1ðXÞ ) ~Ri;j 2 L1ðXÞ; E ~Ri;j
 
¼ EðRÞ:3.1.2. Regular hexagonal lattice with random local interactions
In the general case of a regular hexagonal lattice with random
local interactions as described above (1)–(3), (13), (11), (15) and
(18), the existence of a probability space ðX;A;PÞ endowed with
a measure preserving ﬂow in the sense of (23) and (24) is assumed,
and bAi;jk1 ;k2 is a statistically homogeneous random matrix:bAi;jk1 ;k2 ðXÞ ¼ bAk1 ;k2 ðsði;jÞXÞ
complying to the consistency condition:bAk1 ;k2 ðsðk1 ;k2ÞXÞ ¼ bAðk1 ;k2ÞðXÞ: ð26Þ
Here, X! bAk1 ;k2 ðXÞ is the random generalized stiffness matrix char-
acterizing the interaction between node y0;0 and node yk1 ;k2 . More-
over, it is assumed that the components of bAk1 ;k2 are such that
there is no coupling between in-plane strains and out-of-plane
strains. Restricting the analysis to out-of-plane kinematics (21),
the corresponding strain and stress energies are given by:
wk1 ;k2 ¼
1
2
bdk1 ;k2
dk1 ;k2ð1Þ
dk1 ;k2ð2Þ
0B@
1CA  bAðopÞk1 ;k2 ðXÞ 
bdk1 ;k2
dk1 ;k2ð1Þ
dk1 ;k2ð2Þ
0B@
1CA; ð27Þ
and
wk1 ;k2 ¼
1
2
fk1 ;k2bck1 ;k2ð1Þbck1 ;k2ð2Þ
0B@
1CA  bHðopÞk1 ;k2 ðXÞ 
fk1 ;k2bck1 ;k2ð1Þbck1 ;k2ð2Þ
0B@
1CA; ð28Þ
where bAðopÞk1 ;k2 is the generalized out-of-plane stiffness matrix andbHðopÞk1 ;k2 ¼ bAðopÞk1 ;k2 1 is the generalized out-of-plane compliance
matrix.
3.2. The kinematic method
The following continuous ﬁelds are introduced:
uvðyÞ ¼ uvðyÞe3;xvðyÞ ¼ v  y ð29Þ
with
uvðyÞ ¼ 1
2
v11y21 þ 2v12y1y2 þ v22y22
 
andv ¼
v12 v22 0
v11 v12 0
0 0 0
0B@
1CA:
We denote by:
Uop ¼ ðui;j;xi;jÞ; ði; jÞ 2 I 	
the out-of-plane rigid body motions of the blocks of the inﬁnite
lattice with ui;j ¼ ui;j3 e3 and xi;j ¼ xi;j1 e1 þxi;j2 e2. The set KCðvÞ of
v-kinematically compatible Uop is introduced:
KCðvÞ ¼ Uop;ui;j ¼ uvðyi;jÞ þ ~vi;j;xi;j ¼ xvðyi;jÞ þ ~ui;j 	 ð30Þ
Here, ðv ¼ ve3;u ¼ u1e1 þu2e2Þ is the random out-of-plane rigid
body motion of the node y0;0 with X! ðvðXÞ;u1ðXÞ;u2ðXÞÞ 2
L2ðXÞ3. The stationary property (25) is used to generate, ~vi;j; ~ui;j ,
the corresponding random out-of-plane rigid body motion of the
node yi;j. The total rigid body motion of the node yi;j is obtained
by adding the”macroscopic motion” uvðyi;jÞ;xvðyi;jÞ  to the random
motion ~vi;j; ~ui;j
 
.
For Uop 2KCðvÞ, (13) and (11) are used to evaluate the out-of-
plane generalized strain bdi;jk1 ;k2 ; di;jk1 ;k2 . It is:bdi;jk1 ;k2 ¼ ~viþk1 ;jþk2  ~vi;j  ~uiþk1 ;jþk2 þ ~ui;j2  yk1 ;k2 ; ð31Þ
d
i;j
k1 ;k2
¼ v  yk1 ;k2 þ ~uiþk1 ;jþk2  ~ui;j: ð32Þ
Hence, bdi;jk1 ;k2 ; di;jk1 ;k2  and the corresponding energy wi;jk1 ;k2 are s.h.
random processes in the sense of (25). For example, the strain en-
ergy wi;jk1 ;k2 between node y
i;j and node yiþk1 ;jþk2 is equal to the strain
energy, wk1 ;k2  ~w0;0k1 ;k2 , between node y0;0 and node yk1 ;k2 after a
translation of the medium by vector yi;j:
8X 2 X; wi;jk1 ;k2 ðXÞ ¼ ~w
i;j
k1 ;k2
ðXÞ ¼ wk1 ;k2 ðsði;jÞXÞ:
Moreover, the following consistency conditions are easily derived:bdk1 ;k2 ; dk1 ;k2 ðsk1 ;k2XÞ ¼  bdðk1 ;k2Þ; dðk1 ;k2Þ ðXÞ
and
wk1 ;k2 ðsk1 ;k2XÞ ¼ wðk1 ;k2ÞðXÞ:
Hence,
Eðwk1 ;k2 Þ ¼ E wðk1 ;k2Þ
 
:
Thanks to the statistical homogeneity and ergodicity of ewi;jk1 ;k2 , the
overall normalized strain energy of a very large domain containing
a great number of nodes goes to
E ¼ 1
2ab
X
ðk1 ;k2Þ2K
Eðwk1 ;k2 Þ ð33Þ
as the size of the domain goes to inﬁnity. Here, the factor 2 is due to
the fact that each energy interaction is common to two nodes. Final-
ly, determination of the homogenized out-of-plane elasticity
fourth-order tensor, Dhom, requires the resolution of the following
minimization problem:
1
2
v : ðDhom : vÞ ¼ min
Uop2KCðvÞ
E; ð34Þ
where the minimization is over all v-kinematically compatible rigid
body motions of the nodes.
The deﬁnitions (30), (33) and (34) are consistent with those gi-
ven by Cecchi and Sab (2002b, 2006) for the homogenization of
out-of-plane loaded periodic masonry. Indeed, for p ¼ 0, the local
constitutive law (15) between the blocks is deterministic and the
random rigid motion ðvðXÞ;uðXÞÞ of the B0;0 block introduced in
(30) does not depend on the realization X. Hence, due to stationa-
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~vi;j; ~ui;j
  ¼ ðv;uÞ and KCðvÞ coincides with the set of kinemati-
cally compatible periodic rigid body motions. Moreover, the
average motion EðUopÞ;Uop 2KCðvÞ, is kinematically compatible
with periodicity conditions for bending curvature tensor v.
Therefore, the motion Uop corresponds to the same overall loading
conditions as those applied to periodic microstructures.
3.3. The static method
The out-of-plane generalized stresses of the inﬁnite lattice may
be denoted by:
Sop ¼ f i;jk1 ;k2 ; bci;jk1 ;k2 ; ði; jÞ 2 I; ðk1; k2Þ 2Kn o
with f i;jk1 ;k2 ¼ f
i;j
k1 ;k2
e3 and bci;jk1 ;k2 ¼ bci;jk1 ;k2ð1Þe1 þ bci;jk1 ;k2ð2Þe2.
The determination of the homogenized out–of-plane compli-
ance tensor, ðDhomÞ1, requires the solution of the following mini-
mization problem:
1
2
M : Dhom
 1
: M
 
¼ min
Sop2SCðMÞ
E; ð35Þ
where E is the following normalized overall stress energy:
E ¼ 1
2ab
X
ðk1 ;k2Þ2K
Eðwk1 ;k2 Þ: ð36Þ
The minimization of (35) is referred to all M-statically compatible
generalized stresses, Sop 2SCðMÞ, such that:
	 The following consistency condition is satisﬁed;
f i;jk1 ;k2 þ f
iþk1 ;jþk2
k1 ;k2 ¼ 0; bci;jk1 ;k2 þ bciþk1 ;jþk2k1 ;k2 ¼ 0: ð37Þ
	 f i;jk1 ;k2 ; bci;jk1 ;k2  is a s.h. random process in the sense of (25):8X 2 X,
f i;jk1 ;k2 ; bci;jk1 ;k2 ðXÞ ¼ fk1 ;k2 ; bck1 ;k2 ðsði;jÞXÞ;
where ðfk1 ;k2 ; bck1 ;k2 Þ 2 L2ðXÞ  L2ðXÞ2 is the random generalized out-
of-plane stress between node y0;0 and node yk1 ;k2 . Hence, by the con-
sistency condition (37), it is:
fk1 ;k2 ; bck1 ;k2 ðsk1 ;k2XÞ ¼  fðk1 ;k2Þ; bcðk1 ;k2Þ ðXÞ: ð38Þ
	 The balance equations at node y0;0 hold true:X
ðk1 ;k2Þ2K
fk1 ;k2 ¼ 0; ð39Þ
P
ðk1 ;k2Þ2Kbck1 ;k2 þ 12 yk1 ;k2  fk1 ;k2 ¼ 0 a:s.3
	 The overall out-of-plane stress is:
M ¼ 1
2ab
X
ðk1 ;k2Þ2K
yk1 ;k2sE bcp2k1 ;k2 ; ð40Þ
where s is the symmetric part of the dyadic product of two vectors
and xp2 ¼ x2e1  x1e2 for x ¼ x1e1 þ x2e2 þ x3e3.
The deﬁnition of SCðMÞ is obtained by dualization of KCðvÞ.
More precisely, using the statistical homogeneity and the consis-
tency conditions, the following orthogonality property results:
Uop 2KCðvÞ; Sop 2SCðMÞ;
M : v ¼ 1
2ab
X
ðk1 ;k2Þ2K
E fk1 ;k2  bdk1 ;k2 þ bck1 ;k2 :dk1 ;k2 :3 Almost surely (a.s.) means for all X in a measurable set, A 2A, with PðAÞ ¼ 1.Moreover, using standard variational calculus, it can be shown that
the solution Uop 2KCðvÞ of (34) is such that the corresponding
generalized stress Sop obtained from the constitutive law (15) is in
[MSCðMÞ. Similarly, the problem (35) is to ﬁnd Uop 2 [vKCðvÞ
and Sop 2SCðMÞ such that fk1 ;k2 ; bck1 ;k2  and bdk1 ;k2 ; dk1 ;k2  are
related by the constitutive law (15).
3.4. Bounds
The idea is to use periodic trial strains in (34) and periodic trial
stresses in (35) for bounding Dhom.
3.4.1. Upper bounds
Deterministic (periodic) motions inKCðvÞ are considered:
ev i;jðXÞ ¼ z; ~ui;jðXÞ ¼ /;
where ðz ¼ ze3;/ ¼ /1e1 þ /2e2Þ is an unknown out-of-plane rigid
body motion. Hence, the generalized strains are deterministic and
they are given by:
bdi;jk1 ;k2 ¼ k1 b2/2  k2a/1
and
dk1 ;k2ð1Þ ¼ k1
b
2
v12  k2av22; ð41Þ
dk1 ;k2ð2Þ ¼ þk1
b
2
v11 þ k2av12: ð42Þ
The average energy Eðwk1 ;k2 Þ is (27) where the average stiffness ma-
trix E bAðopÞk1 ;k2  is substituted for the random stiffness matrixbAðopÞk1 ;k2 ðXÞ. Optimizing the normalized strain energy (33) over / gives
an upper bound for Dhom:
1
2
v : ðDhom : vÞ 6 1
2
v : ðDperþ : vÞ;
where Dperþ is the overall bending elastic tensor of the regular lat-
tice with deterministic (periodic) local interactions characterized
by the average local stiffness matrix E bAðopÞk1 ;k2 .
3.4.2. Lower bounds
The lower bounds are obtained by considering deterministic
periodic out-of-plane generalized stresses in SCðMÞ. Those stres-
ses are such as the forces and couples fk1 ;k2 ; bck1 ;k2  are independent
of X and they are solution of the following system of linear
equations:
fk1 ;k2 ; bck1 ;k2  ¼  fðk1 ;k2Þ; bcðk1 ;k2Þ ;X
ðk1 ;k2Þ2K
yk1 ;k2  fk1 ;k2 ¼ 0;
1
2ab
X
ðk1 ;k2Þ2K
yk1 ;k2sbcp2k1 ;k2 ¼M:
There are 18ð¼ 3 6Þ unknown components fk1 ;k2 ; bck1 ;k2  and
15ð¼ 3 3þ 3þ 3Þ linear independent equations, hence there are
still 3 unknowncomponents to bedetermined. The average stress en-
ergy Eðwk1 ;k2 Þ is (28) where the average compliance matrix E bHðopÞk1 ;k2 
is substituted for the random compliance matrix bHðopÞk1 ;k2 ðXÞ. Optimiz-
ing the normalized stress energy (36) over the 3 unknown compo-
nents gives an upper bound for ðDhomÞ1, or equivalently a lower
bound for Dhom, noted Dper:
1
2
v : ðDper : vÞ 6 1
2
v : ðDhom : vÞ:
1.53
1.6
perD1111
+
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matrix E bAðopÞk1 ;k2  for the random stiffness matrix bAðopÞk1 ;k2 ðXÞ gives
the upper bound Dperþ obtained by periodic homogenization; (b)
substituting the average stiffness matrix E bHðopÞk1 ;k2  1 for the ran-
dom stiffness matrix bAðopÞk1 ;k2 ðXÞ gives the lower bound Dper obtained
by periodic homogenization.
3.5. Generalization
In the general case where there is a coupling between the in-
plane and out-of-plane components of bAk1 ;k2 , the determination
of the homogenized plate stiffness of the random hexagonal lattice
is as follows: N ¼ ðNabÞ;a; b ¼ 1;2, is the macroscopic in-plane
(membrane) stress ﬁeld for the homogenized lattice; E ¼ ðEabÞ;
a; b ¼ 1;2, is the corresponding in-plane strain ﬁeld with
Eab ¼ ðna;b þ na;bÞ=2 where n ¼ ðniÞi¼1;2;3 is the plate displacement
ﬁeld. The homogenization problem is to ﬁnd the elastic fourth-or-
der tensors, Ahom;Bhom and Dhom with:
N ¼ Ahom : Eþ Bhom : v;M¼tBhom : Eþ Dhom : v:
In this case, the overall strain energy in (34) is
1
2
E : ðAhom : EÞ þ v : ðBhom : EÞ þ 1
2
v : ðDhom : vÞ
instead of 12 v : ðDhom : vÞ and the minimization is overKCðE; vÞ, the
set of ðE; vÞ-kinematically compatible U. The deﬁnition ofKCðE; vÞ
is (30) where ðv;uÞ is the random rigid body motion of the node y0;0
with X! ðvðXÞ;uðXÞÞ 2 L2ðXÞ3  L2ðXÞ3 and uE;vðyi;jÞ is substituted
for uvðyi;jÞ in (30) with:
uE;vðyÞ ¼ E  y þ uvðyÞe3:
In the static method SCðN;MÞ is substituted for SCðMÞ in (35)
where the statistically homogeneous generalized stresses of the
inﬁnite lattice in SCðN;MÞ have six components (three forces and
three moments). They have the same properties as those in
SCðMÞ plus
N ¼ 1
2ab
X
ðk1 ;k2Þ2K
yk1 ;k2sEðfk1 ;k2 Þ:
Of course, it can be established that periodic homogenization with
the average local stiffness E bAk1 ;k2  leads to an upper bound for
the homogenized strain energy whereas periodic homogenization
with the average local compliance E bHk1 ;k2  leads to an upper
bound for the homogenized stress energy, i.e. to a lower bound
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Fig. 3. Ratio between the D1111 bounds and D
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1111 versus the p parameter between 0
and 0.9.4. Application to the random masonry
In this section, the overall bending stiffness of the random ma-
sonry described in Section 2 are estimated and compared to those
of the running bond masonry. Furthermore, the random discrete
model will be compared to both the periodic discrete model and
the homogenized plate model at the structural level.
4.1. The bending stiffness
The randommasonry being statistically symmetric with respect
to both horizontal and vertical axis, there are only four compo-
nents of Dhom : Dhom2222;D
hom
1122;D
hom
1111 and D
hom
1212.
For the case v22–0, the other components of v being null, the
solution of (34) is obtained for null random motions ~vi;j; ~ui;j
  ¼
ð0;0Þ. Indeed, in this case, the generalized strains associated to
the”macroscopic motion”, uvðyi;jÞ;xvðyi;jÞ  with (29), are bdi;jk1 ;k2 ¼
0; di;jk1 ;k2ð1Þ ¼ k2av22 and d
i;j
k1 ;k2ð2Þ ¼ 0. One can check that the corre-sponding generalized stress Sop obtained from the constitutive law
(15) is in SCðMÞ where M is expressed in terms of v22 as M11 ¼
M12 ¼ 0 and M22 ¼ Dhom2222v22. It is clear that
Dhom2222 ¼ DRB2222 and Dhom1122 ¼ DRB1122 ¼ 0;
where DRB2222 and D
RB
1122 coincide with the corresponding bending
moduli of the deterministic running bond masonry ðp ¼ 0Þ.
The bending moduli Dhom1111 and D
hom
1212 are estimated using the
above described upper and lower bounds. Due to statistical sym-
metry of the random masonry, both E bAðopÞk1 ;k2  and E bHðopÞk1 ;k2  are
diagonal. Hence, / ¼ 0 and
wperþ2;0 þwperþ1;þ1 þwper1;þ1 6
ab
2
v : ðDhom : vÞ
6 wperþþ2;0 þwperþþ1;þ1 þwperþ1;þ1
where wperþk1 ;k2 and w
per
k1 ;k2
are given by
wperþk1 ;k2 
1
2
E bLk1 ;k2ð2Þ  dk1 ;k2ð2Þ 2 þ 12E Li;jk1 ;k2ð1Þ  dk1 ;k2ð1Þ 2
wperk1 ;k2 
1
2
E Li;jk1 ;k2ð2Þ
 1 1
di;jk1 ;k2ð2Þ
 2
þ 1
2
E Li;jk1 ;k2ð1Þ
 1 1
di;jk1 ;k2ð1Þ
 2
with di;jk1 ;k2ð1Þ and d
i;j
k1 ;k2ð2Þ given by (41) and (42) and v22 ¼ 0. Analyt-
ical expressions for Dper1111 and D
per
1212 are given in Appendix B.
A comparison between the out of plane constitutive functions of
the random masonry and those of the running bond masonry has
been performed for different values of the p parameter.
It is clear that for p ¼ 0 the constitutive function of running
bond masonry is obtained. Fig. 3 shows the trend of the bounds
on the Dhom1111 modulus normalized versus D
RB
1111 modulus when p
varies from 0 to 0.9. As it could be expected for p ¼ 0, the
DRB1111; D
perþ
1111 and D
per
1111 bounds coincide. D
perþ
1111 represents an upper
bound for the running bond homogenized modulus. In fact, the
Dperþ1111 bound increases when p increases and the difference between
the running bond case and Dperþ1111 is at the maximum +50% for
p ¼ 0:9. Dper1111 represents a lower bound for the running bond
homogenized modulus. In fact, the Dper1111 bound decreases when p
increases and the difference between the running bond case and
Dper1111 reaches 17% for p ¼ 0:9.
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shows the trend of the normalized Dperþ1212 modulus versus D
RB
1212
when p varies from 0 to 0.9. As it could be expected for p ¼ 0,
the DRB1212;D
perþ
1212 and D
per
1212 bounds coincide. In this case, the D
perþ
1212
bound increases when p increases and the difference between
the running bond case and Dperþ1212 is at the maximum 3% for
p ¼ 0:9. Hence, the running bond pattern may be used as upper
bound of the effective solution. Dper1212 represents a lower bound
for the running bond homogenized modulus. In fact, the Dper1212
bound decreases when p increases and the difference between
the running bond case and Dper1212 reaches 15% for p ¼ 0:9.
4.2. Numerical comparisons at a structural level
This section is devoted to numerical comparisons at a structural
level, in the case of out-of-plane actions, of the random discrete
model with both the discrete running bond (periodic) model andn*b
H=
n*
a
b
n*
a
a
Fig. 5. masonry panel (width L and height H) simply supported at the edges and subject
continuous model.the corresponding homogenized Love–Kirchhoff plate model. In
fact, the problem is twofold: not only the effect of the random per-
turbation on the structural response, but also the reliability of a
homogenized plate model to describe the random 3D discrete sys-
tem behavior.
The blocks are modelled as rigid bodies connected by elastic
interfaces. The block dimensions are 250mm (average width),
55mm (height) and 120mm (thickness). The mortar joint thickness
is 2mm, its Young modulus is EM ¼ 1000 MPa and its Poisson ratio
is mM ¼ 0:2.
Following the Monte Carlo method, several realizations of the
random masonry microstructure are simulated. For every number
of blocks (heterogeneity number) and for every value of the p
parameter the simulation is performed. For any realization, a dif-
ferent random model is obtained and the corresponding value of
interest Y is evaluated. Then, the average of Y is estimated as:
hYiN ¼
1
N
ðY1 þ Y2 þ    þ YNÞ ð43Þ
where N is the number of independent realizations. Moreover, an
estimation of the standard deviation of Y;rN , may be computed
as follows:
r2N ¼
1
N  1
X
i
ðYi  hYiNÞ2 ð44Þ
It is well known that the probability of ﬁnding
EðYÞ 2 hYiN  NhYiN; hYiN þ NhYiN½ 

is asymptotically equal to 0.95 as N goes to inﬁnity where N is gi-
ven by:
N ¼ 1:96 rNhYiN
ﬃﬃﬃﬃ
N
p ð45Þ
A plate, simply supported on four edges, is subject to an uniform
force distribution, q, in the orthogonal direction to the middle plane
(Fig. 5). For the 3D discrete model, this loading corresponds to an
external force, Fext ¼ F3 ¼ abq > 0, applied in direction 3 to each
block centre inside the plate, and to condition ui;j3 ¼ 0 applied to
each block centre of the boundary. The plate dimensions are:
L ¼ nb; H ¼ ma and c (thickness).L=n*b
u3
b=250mm
a=55mm
t=120mm
Brick UNI
u3
to a uniform load orthogonal to the panel middle plane: (a) discrete model and (b)
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average and the standard deviation of u3 maximum displacement
at the panel centre is evaluated. The program iterates till N is less
than 0.03. The number of realizations N is such that N is less than
0.03.
4.2.1. Random discrete model versus periodic discrete model
It must be noted that boundary conditions in the forces and dis-
placements are – according to the discrete model formulation –
imposed in the block centre. Hence, according to Fig. 5a, when
p ¼ 0 (periodic model), in the right and left side of the panel, the
block centres are in x1 ¼ 0 or x1 ¼ L. This boundary condition,
obviously, changes for the perturbed model ðp–0Þ which gives an
additional contribution to the scattering between perturbed and
periodic models. On the contrary, at the top, x2 ¼ a2, and the bottom,
x2 ¼ H  a2, of the panel, discrete and perturbed models show the
same boundary conditions.
The maximum error between the two models ðp ¼ 0 and p–0Þ
is referred to the average displacement up3 in the centre of the plate.
The deformed conﬁguration has been normalized with respect to
the running bond value of up3; u
0
3. Fig. 6 is relative to a plate with
the same number of blocks in the two directions: n ¼ m ¼ 7
Fig. 6a, n ¼ m ¼ 11 Fig. 6b, n ¼ m ¼ 15 Fig. 6c and n ¼ m ¼ 21
Fig. 6d. The dispersions – average of normalized displacement
1:96 rN
u03
– are also reported. The number of iterations necessary
to obtain the average displacement up3 is function of p and the num-
ber of heterogeneity. In the case of 441 heterogeneities (Fig. 6d),
the difference between the running bond solution and the random
solution is negligible, hence the periodicity theory may be used in a
consistent manner. This heterogeneity number can be assumed as
a critical value to use the running bond solution. In the case of 225
heterogeneities (Fig. 6c) the difference between the running bonda. 49 heterogeneities
0
3
p
3
u
u
c. 225 heterogeneities
p
p
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3
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u
Fig. 6. Ratio
up3 x1¼L2;x2¼H2ð Þ
u03 x1¼L2;x2¼H2ð Þ versus the p parameter between 0 and 0.9; (a) 49 blocks in the papanel.solution and the perturbed (average) solution is less than 10%,
hence the effect of the random perturbation on the average re-
sponse may be neglected.
4.2.2. Random discrete model versus homogenized Love–Kirchhoff
plate model
In this section, the random discrete model is compared the
homogenized Love–Kirchhoff model of the periodic masonry. In-
deed, we have seen in Fig. 6d that the difference between the run-
ning bond solution and the average of the random solution is
negligible.
The balance equations for the plate model are:
Mab;ab  q ¼ 0
The curvature tensor is ðvabÞ ¼ ðU3;abÞ where U3 is the out-of-
plane displacement ﬁeld. The homogenized running bond constitu-
tive function is used. The Navier double series expansion and suit-
able boundary conditions are used to calculate the coefﬁcients Smn
that characterize the solution of the form:
U3ðx1; x2Þ ¼
X1
m¼1
X1
n¼1
Smn sin
mpx1
L
sin
npx2
H
The maximum error between the two models is referred to the
average displacement at the centre of the plate ðx1 ¼ L2 ; x2 ¼ H2Þ.
The deformed conﬁguration has been normalized with respect to
the analytical value of u3 in the case of the homogenized running
bond masonry, u03. The e0=0 percent error in the u
p
3 already deﬁned
in the above section, is:
e0=0 ¼ 100
up3  u03
u03b. 121 heterogeneities
p
d. 441 heterogeneities
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nel; (b) 121 blocks in the panel; (c) 225 blocks in the panel; and (d) 441 blocks in the
Heterogeneity number
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Fig. 7. (a) Percentual error versus heterogeneity number between Love–Kirchhoff plate model and 3D discrete model, for p ¼ 0;p ¼ 0:5 and p ¼ 0:9. (b) Detail of diagram.
A. Cecchi, K. Sab / International Journal of Solids and Structures 46 (2009) 2907–2919 2917The trend of e0=0 as a function of the number of the blocks, n
2, is
shown in Fig. 7 for three values of p(0, 0.5 and 0.9). This ﬁgure
shows that the error quickly decreases when the number of the
blocks in the panel increases. The error is negligible when n is great-
er than 21. This heterogeneity number can be assumed as a critical
value to use the homogenized Love–Kirchhoff model. Furthermore,
the rates of convergence of e0=0 for the three different values of p are
very comparable. Fig. 8 shows the trend of error versus the c=L ratio.
5. Conclusions
In this paper, the most relevant contribution is a homogeniza-
tion procedure for ﬁnding the bending stiffness of a 2D regular lat-
tice with random local interactions. The kinematic and static
methods have been used to provide explicit upper and lower
bounds for the homogenized moduli. The proposed homogeniza-p=0.5
p=0.9
er
r%
p=0
0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12 0.13 0.14
0
12
24
36
48
60
L
c
Fig. 8. Percentual error versus ratio cL between Love–Kirchhoff plate model and 3D
discrete model, for p ¼ 0;p ¼ 0:5 and p ¼ 0:9.tion procedure, which can be adapted to other random lattices,
has been applied to a masonry obtained by a random perturbation
of the periodic running bond masonry (Cecchi and Sab, 2009).
A comparison between the randomdiscretemodel and the initial
periodic discrete model has been performed. It has shown that,
when the number of heterogeneities in the structure is large en-
ough, the average response of the randommodel is very close to that
of the periodic discrete model which is in turn very close to the re-
sponse of the deterministic homogenized model. Furthermore, it
must be also noted that the dispersion in the results is negligible
in the case, here chosen, where the random perturbation imposes
that each block has exactly 6 neighboring blocks. In conclusion,
the results of our previous paper dedicated to in-plane loading (Cec-
chi and Sab, 2009) and the present results concerning out-of-plane
loading (both by means of a discrete model and a homogenized
model) show that the running bond pattern may be used success-
fully to analyze historical irregular masonries with blocks having
different widths in the horizontal direction. Such masonries are
so-called quasi-periodic by Falsone and Lombardo (2007).
Appendix A
The components of the diagonal tensor Li;jk1 ;k2 are:
Li;jk1 ;k2ð1Þ ¼ L
i;j
k1 ;k2
 e1
 
 e1 ¼ Ki;jk1 ;k2ð2ÞI
i;j
k1 ;k2ð3Þ þ K
i;j
k1 ;k2ð3ÞI
i;j
k1 ;k2ð2Þ;
Li;jk1 ;k2ð2Þ ¼ L
i;j
k1 ;k2
 e2
 
 e2 ¼ Ki;jk1 ;k2ð1ÞI
i;j
k1 ;k2ð3Þ þ K
i;j
k1 ;k2ð3ÞI
i;j
k1 ;k2ð1Þ;
Li;jk1 ;k2ð3Þ ¼ L
i;j
k1 ;k2
 e3
 
 e3 ¼ Ki;jk1 ;k2ð2ÞI
i;j
k1 ;k2ð1Þ þ K
i;j
k1 ;k2ð1ÞI
i;j
k1 ;k2ð2Þ;
where the following notations are used:
Ii;jk1 ;k2ðlÞ ¼
Z
Si;j
k1 ;k2
ylxi;jk1 ;k2 el
 2
dS; Ki;jk1 ;k2ðlÞ ¼ ðK
i;j
k1 ;k2
elÞ el; l¼1;2;3:
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Let eh be the thickness of the real horizontal joint. Then,
Ki;jk1 ;k2ð1Þ ¼ K
i;j
k1 ;k2ð3Þ ¼
K 00
eh
; Ki;jk1 ;k2ð2Þ ¼
K 0
eh
;
with K 0 ¼ kM þ 2lM; K 00 ¼ lM . The area is
si;jk1 ;k2 ¼ x
iþk1þ1;j
2;0  xiþ1;jþk22;0
 c;
the inertia are
Ii;jk1 ;k2ð1Þ ¼
si;jk1 ;k2 x
iþk1þ1;j
2;0  xiþ1;jþk22;0
 2
12
; Ii;jk1 ;k2ð2Þ ¼ 0; I
i;j
k1 ;k2ð3Þ ¼
si;jk1 ;k2c
2
12
and Ti;jk1 ;k2 is given by:
Ti;jk1 ;k2 ¼
1
2
xiþ1;jþk22;0 þ xiþ1þk1 ;j2;0
 
 iþ k1
2
 
b
2
:A.2. Vertical interfaces ðk1 ¼ 2; k2 ¼ 0Þ
Let ev be the thickness of the real vertical joint. Then,
Ki;jk1 ;k2ð1Þ ¼
K 0
ev
; Ki;jk1 ;k2ð2Þ ¼ K
i;j
k1 ;k2ð3Þ ¼
K 00
ev
:
The area is si;jk1 ;k2 ¼ ac, the inertia are
Ii;jk1 ;k2ð1Þ ¼ 0; I
i;j
k1 ;k2ð2Þ ¼
a3c
12
; Ii;jk1 ;k2ð3Þ ¼
ac3
12
and Ti;jk1 ;k2 is given by:
Ti;jk1 ;k2 ¼ x
iþ1þk1=2;j
2;0  iþ
k1
2
 
b
2
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Let be:
Yþ1;þ1 ¼ 1þ p X1;1  X2;0
 
;
Y1;þ1 ¼ 1þ p X1;1  X0;0
 
;
eYþ1;þ1 ¼ p2 1 X1;1  X2;0 ;eY1;þ1 ¼ p2 1 X1;1  X0;0 ;
Y2;0 ¼ p 12 X
2;0
 
;
wperþ1;þ1 ¼
K 00hc
2eh
jY1;þ1j b2
c2
12
þ b
2
48
Y21;þ1 þ
b2
4
eY 21;þ1
 !
v11
b
2
 v12a
 2
 K
0
hc
3
24eh
jY1;þ1j v12
b
2
 v22a
 2
;wperþ2;0 ¼
K 0v
2ev
ac3
12
þ Y22;0
b2
4
 !
ðv11bÞ2 
K 00v
24ev
ðac3 þ ca3Þðv12bÞ2;
EjY1;þ1j ¼ 1;
EjY1;þ1j2 ¼ 1þ p
2
6
;
EeY 21;þ1 ¼ p224 ;
EY22;0 ¼
p2
12
;Dperþ1111 ¼
K 00hcb
2
192eha
4c2 þ b2 1þ 7p
2
24
  
þ K
0
vbc
12ev
c2 þ b
2
4
p2
 !
;
Dper1111 ¼ E
96eh
K 00hcYþ1;þ1b 4c2 þ b2Y2þ1;þ1
 
0@ 1A1 b
4a
þ E 96e
h
K 00hcY1;þ1b 4c2 þ b2Y21;þ1
 
0@ 1A1 b
4a
þ 12e
v
K 0vc3
 1
b;
Dperþ1212 ¼
K 00hca
192eh
4c2 þ b2 1þ p
2
3
  
þ K
0
hb
2c3
192eha
þ K
00
vbc
48ev
ðc2 þ a2Þ;
Dper1212 ¼ E
192eh
K 00hcYþ1;þ1b
4c2 þ b2Y2þ1;þ1
  1 a
2b
þ E 192e
h
K 0hc3Yþ1;þ1b
 1
 b
2a
E
192eh
K 00hcY1;þ1b 4c2 þ b2Y21;þ1
 
0@ 1A1 a
2b
þ E 192e
h
K 0hc3Y1;þ1b
 1
b
2a
þ 24e
v
K 00vðac3 þ ca3Þ
 1 b
2a
:References
Avila-Pozos, O., Klarbring, A., Movchan, A.B., 1999. Asymptotic model of orthotropic
highly inhomogeneous layered structure. Mech. Mater. 31, 101–115.
Bazant, Z.P., Tabbara, M.R., Kazemi, M.T., 1990. Random particle model for fracture
of aggregate or ﬁber composites. J. Eng. Mech. ASCE 116, 1686–1705.
Caillerie, D., 1984. Thin elastic and periodic plates. Math. Meth. Appl. Sci. 6, 159–
191.
Cecchi, A., Sab, K., 2002a. A multi-parameter homogenization study for modelling
elastic masonry. Eur. J. Mech. A 21, 249–268.
Cecchi, A., Sab, K., 2002b. Out of plane model for heterogeneous periodic materials:
the case of masonry. Eur. J. Mech. A 21, 715–746.
Cecchi, A., Sab, K., 2004. A comparison between a 3D discrete model and two
homogenized plate models for periodic elastic brickwork, Int. J. Solids
Structures 41 (9–10), 2259–2276.
Cecchi A., Sab K., 2006. Corrigendum to ‘A comparison between a 3D discrete model
and two homogenized plate models for periodic elastic brickwork’ [Int. J. Solids
Structures 41 (9–10), 2259–2276], Int. J. Solids Structures 43 (2), 390–392.
Cecchi, A., Sab, K., 2007. A homogenized Reissner–Mindlin model for orthotropic
periodic plates. Application to brickwork panels. Int. J. Solids Structures 44,
6055–6079.
Cecchi, A., Sab, K., 2009. Discrete and continuous models for in plane loaded random
elastic brickwork. Eur. J. Mech. A 28, 610–625.
Cluni, F., Gusella, V., 2004. Homogenization of non-periodic masonry structures. Int.
J. Solids Structures 41 (7), 1911–1923.
Falsone, G., Lombardo, M., 2007. Stochastic representation of the mechanical
properties of irregular masonry structures. Int. J. Solids Structures (25–26), ,
8600–861.
Florence, C., Sab, K., 2005. Overall ultimate yield surface of periodic
tetrakaidecahedral lattice with non-symmetric material distribution. J. Mater.
Sci. 40 (22), 5883–5892.
Florence, C., Sab, K., 2006. A rigorous homogenization method for the determination
of the overall ultimate strength of periodic discrete media and an application to
general hexagonal lattices of beams. Eur. J. Mech. A 25 (1), 72–97.
Klarbring, A., 1991. Derivation of model of adhesively bounded joints by the
asymptotic expansion method. Int. J. Eng. Sci. 29, 493–512.
Kozlov, S.M., 1980. Averaging of random operators. Math. USSR SB 37 (2), 167–180.
Laalai, Sab, K., 1996. A stochastic nonlocal damage model. Int. J. Fract. 76, 121–140.
Lachihab, A., Sab, K., 2005. Aggregate composites: a contact based modeling.
Comput. Mater. Sci. 33, 467–490.
Lachihab, A., Sab, K., 2008. Does a representative volume element exists for fatigue
life prediction? The case of aggregate composites. Int. J. Numer. Anal. Meth.
Geomech. 32 (9), 1005–1021.
Lofti, H.R., Benson Shing, P., 1994. Interface model applied to fracture of masonry
structures. J. Struct. Eng. ASCE 120, 63–80.
Lourenço, P.B., Rots, J.G., 1993. Discrete models for jointed block masonry walls. In:
Proceedings of the Sixth North American Masonry Conference, Philadelphia, pp.
939–949.
Markov, K.Z., 1999. Elementary micromechanics of heterogeneous solids. In:
Markov, K.Z., Preziosi, L. (Eds.), Heterogeneous Media: Micromechanics
Modeling Methods and Simulations. Birkhauser, Boston, pp. 1–162.
Ostoja-Starzewski, M., 2006. Material spatial randomness: from statistical to
representative volume element. Probab. Eng. Mech. 21, 112–132.
A. Cecchi, K. Sab / International Journal of Solids and Structures 46 (2009) 2907–2919 2919Papanicolaou, G.C., Varadhan, S.R.S., 1979. Boundary value problems with rapidly
oscillating random coefﬁcients. In: Fritz, J., Lebowitz, J.L., Szasz, D. (Eds.),
Random Fields: Rigorous Results in Statistical Mechanics and Quantum Field
Theory, Colloquia Mathematica Societatis Janos Bolyai, vol. 2. North-Holland/
Elsevier Science Publishers, Amsterdam, pp. 835–873.
Pradel, F., Meimon, Y., Blanchon, A., Lorgeou, S., Naderi, H., 2001. A new concept of
scallop screens for reactors of reﬁning. Oil Gas Sci. Technol. Rev. Inst. Fr. Petrol
56 (6), 597–610.
Pradel, F., Sab, K., 1998a. Homogenization of discrete media. J. Phys. IV 8 (P8), 317–
324.
Pradel, F., Sab, K., 1998b. Cosserat modelling of elastic periodic lattice structures. C.
R. Acad. Sci. II Fasc. B 326 (11), 699–704.Sab, K., 1991. Hill’s principle and homogenization of random materials. C. R. Acad.
Sci. Ser. II 312 (1), 1–5.
Sab, K., 1992. On the homogenization and the simulation of random materials. Eur.
J. Mech. A 11 (5), 585–607.
Sab, K., 1994. Homogenization of non-linear random media by a duality method.
Application to plasticity. Asympt. Anal. 9, 311–336.
Sab, K., 1996. Microscopic and macroscopic strains in a dense collection of rigid
particles. C. R. Acad. Sci. Ser. II Fasc. B 322 (10), 715–721.
Sab, K., Pradel, F., 2009. Homogenization of Cosserat media. Int. J. Comput. Appl.
Technol. 34 (1), 60–71.
Schlangen, E., Garbozci, E., 1996. New method for simulation fracture using an
elastically uniform random geometry lattice. Int. J. Eng. Sci. 34 (10), 1131–1144.
